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In this paper all connected bipartite graphs whose second largest eigenvalue does 
not exceed 1 and all connected graphs with exactly one eigenvalue less than - 1 are 
characterized. Besides, all minimal graphs with exactly two eigenvalues less than 
- 1 are determined. 0 1991 Academic Press, Inc. 
1. INTRODUCTION 
In this paper we consider simple graphs with (0, 1) adjacency matrix. 
The eigenvalues of a graph are denoted by 11i > 3L2 b . . . 2 2,. 
The second largest eigenvalue 1,(G) of a graph G appears several times 
in the literature. A. Neumaier and J. J. Seidel [4] use A,(G) in their 
description of discrete hyperbolic spaces. Graphs with the property 
1,(G) = 1 can be represented by taking vectors in the Lorentz space RP’ ’ 
in essentially the same way as is done for the root system graphs in R”. 
Graphs with the property A,(G) < 1 are related to graphs with least 
eigenvalue 1,(G) = -2. Some related relations are given by D. Cvetkovii: 
in [l]. 
In the paper [3] L. Howes characterizes, in an implicit way (by a finite 
set of forbidden subgraphs), infinite sets of graphs with the property 
&(G) f A for a real number 2. 
In this paper we explicitely characterize all connected bipartite graphs 
with the property A,(G) 6 1. We prove that a connected bipartite graph G 
has this property if and only if G is an induced subgraph of any of seven 
graphs displayed in Fig. 1. We note that three of the mentioned seven 
graphs represent in fact classes of graphs. 
A. Torgagev in [S] characterized all connected graphs with the property 
2, _ 1(G) > - 1. He also posed the question of finding all connected graphs 
with the property 1, _ i(G) b - 1. This problem is completely resolved in 
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this paper. We prove that a connected graph G has this property if and 
only if its C-canonical graph is an induced subgraph of any of the graphs 
from Fig. 1. 
In this paper we also determine all minimal graphs with exactly two 
eigenvalues less than - 1. There are exactly 18 such graphs and they are 
presented in Figs. 2 and 6. 
Throughout this paper H c G will denote that H is an induced subgraph 
of a graph G. 
2. ON BIPARTITE GRAPHS WHOSE SECOND LARGEST 
EIGENVALUE DOES NOT EXCEED 1 
Denote by 
the graph consisting only of isolated vertices. Such two ellipses joined with 
exactly one full line denote a complete bipartite graph. Such two ellipses 
“joined” with a sequence of k (k 2 1) dotted parallel lines denote a com- 
plete bipartite graph with k + k = 2k vertices, with exactly k mutually inde- 
pendent edges excluded. Such two ellipses “joined” with a sequence of k 
(k 2 1) full parallel lines denote a bipartite graph with k + k = 2k vertices 
in which two vertices are adjacent if and only if they are joined with such 
a line. 
FIGURE 1 
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Denote next by G1 = GGL X,, X,, X4, J-5, Xd, G = GAL X2, X3, 
L &L G3 = GAL X2, X3, X4, X,), G4 = G&G, X2, X3, X4), 
G = G&L L X3, X4), G6 = G&G, X2, X3, X4), and G = GGL X2, 
X3, X4) the graphs displayed in Fig. 1. 
THEOREM 1. Graphs G1-G7 from Fig. 1 have the property A,(G) < 1. 
Proof. It is not difficult to see that all eigenvalues of the graph G1 
distinct from + 1 are determined by the equation 
WII = IX,I=m, IXSI = 1x41 =n, IX51 = IX,1 =p; m, n, PEN). Since it has 
exactly one root greater than 1, we get A,( G,) 6 1. 
By the same way one can prove that the remaining graphs G2, .,,, G7 also 
have the property A,(G) < 1. 1 
It is easy to check that graphs HI-HI2 in Fig. 2 have the property 
A,(G) > 1. 
Denote by B = B(N; u N;,N’[ u N$) = B(m+p,n+p) (m = INil, 
n = IN;’ 1, p = I Nil = N;I ) the graph obtained from the complete bipartite 
graph with parts N; u N;, N;’ u Nl by excluding p mutually independent 
edges (Fig. 3). 
THEOREM 2. If a connected bipartite graph G does not contain as an 
induced subgraph any of graphs H2-HI2 in Fig. 2, then G is an induced 
subgraph of any of graphs G1-G7 in Fig. 1. 
ProoJ: First assume that a connected bipartite graph G contains the 
graph B=B(m+p, n+p) (m+p>/2, n+p>2, pal, and p>l implies 
that m + p > 2 or n + p > 2) as an induced subgraph but does not contain 
G&k 
H6 H7 H8 
++ 
000 00 
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FIGURE 2 
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any of graphs Hz-H,, in Fig. 2. We also assume that B is a maximal such 
graph; i.e., there does not exist a vertex from V(G)\ V(B) which is non- 
adjacent to at most one vertex from N; (respectively N;‘) and which is 
adjacent to all vertices from N; (respectively Ni). 
Next denote by T the set of all vertices from V(G)\ V(B) which are adja- 
cent to at least one vertex from the set V(B). Each vertex from T is non- 
adjacent to all vertices from the set N; (respectively Ni) (in the opposite 
case we would have H, c G or H3 c G or H4 c G, what is a contradiction).’ 
Hence we have 
T= T(N;) u T(N;‘), 
where T(N;) is the set of all vertices from V(G)\ V(B) which are adjacent 
to at least one vertex from N;, and T(N;‘) is the set of all vertices from 
V(G)\ V(B) which are adjacent to at least one vertex from N;‘. Then 
T(N;)= ij T’(k), T(N;‘) = fi T”(k). 
k=l k=l 
Here T’(k) is the set of all vertices from T(N;) which are adjacent to 
exactly k vertices from N;, and T”(k) is the set of all vertices from T(N;‘) 
which are adjacent to exactly k vertices from N;‘. 
Next, let p be the set of all vertices from V( G)\( V(B) u T) which are 
adjacent to at least one vertex from 7’. Then we have 
where T’ (respectively p”) is the set of all vertices from V(G)\( V(B) u T) 
which are adjacent to at least one vertex from T( N; ) (respectively T( N;‘)). 
I To be short, we shall often reduce the mentioned sentence simply by 
“HzcG v H,cG v HqcG.” 
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Since V(G)\ ( V(B) u Tu F) = 4(H2 c G), we conclude that 
V(G) = V(B) u Tu F. 
In the sequel we distinguish the following three cases: 
(A) B(m+p,n+p)cG (m+pb4 and n+pa4), 
(B) B(m+p, 3)cG (m+pb3) and B(4,4) $ G, 
(C) B(m+p,2)cG (m+pX) and B(3,3) $ G. 
Case A. In this case we have F= 4(H4 c G) and the sets T(N;) and 
T(N;‘) have the following properties: 
(1) Each vertex from N; (respectively N;) can be adjacent to at most 
one vertex from the set T(N;) (respectively T(N;‘))(H, c G). 
(2) If k > 2 then T’(k) = T”(k) = 4(Hlo c G). 
By (2) we conclude that 
T(N{) = T’( 1) u T’(2), T( N;‘) = T”( 1) u ,“( 2). 
(3) We have IT’(2)1< 1 and IT”(2)1< 1 (H4 c G). 
(4) The set T’(2) is not consistent with each of the sets T’( 1) 
(H, c G v H, c G) and T”( 1) (H, c G v H, c G). Similarly, the set T”(2) 
is not consistent with each of the sets ,“( 1) and T’( 1). 
(5) If T’(2)#4 then m=2, n+p=4, and m+p,<6 (H12cG v 
H7 c G). Similarly, if T”(2) # 4 then n = 2, m + p = 4, and n + p < 6. 
(6) Each vertex from the set T’( 1) is non-adjacent to any vertex from 
the set ,“( 1) (H4 c G) and a vertex from the set T’(2) is adjacent to a 
vertex from the set T”(2) (H, c G). 
By properties (1 )-( 6) we have: 
(a) if T’(2)= T”(2)=4 then GcG,; 
(b) if T’(2)#4 and T”(2)=& or T’(2)=4 and T”(2)##, then 
GcG5; 
(c) if T’(2) # 4 and T”(2) # 4 then Gc G7. 
Case B. In this case we have T= 4 (H, c G). Besides, the sets T(N;) 
and T(N;) have the following properties: 
(1) If m = 1 then I T’( 1 )I < 2 ( H7 c G). Similarly, if n = 1 then 
IT”(l)1 <2. 
(2) If m > 2 then all k vertices from N’, can be together adjacent to 
at most one vertex from the set T’(k) (1 < k < m) (H, c G v H, c G). 
EIGENVALUES OF GRAPHS 107 
Similarly, if n = 2 then all k vertices from N;’ can be together adjacent to 
at most one vertex from the set T”(k) (1 <k 6 n). 
(3) If m=3 and T’(2)#4 then T’(l)= T’(3)=# (k&G v H6c 
GvH+G). 
(4) If ma4 then T’(k)=4 (1 <k-cm) (H,cG v H12cG). 
In view of properties (l)-(4) we have that T( N;) = T’(2) if m = 3 and 
T’(2) # 4, and T(N;) = Y( 1) u T’( m in the opposite case. We conclude ) 
that the graph which is induced by the set of vertices N; u T(N;) is an 
induced subgraph of any of graphs (a), (b) from Fig. 4. Also, T( N;‘) = 
T”( 1) u T”(2) and the graph which is induced by the set of vertices 
N;’ u T( N;‘) is an induced subgraph of graph (c) from Fig. 4. 
The following properties also hold. 
(5) Each vertex from the set T’(k) (k > 1) is adjacent to any vertex 
from the set T(N;‘) (H, c G). Also, we have the same property for the sets 
T”(2) and T(N;). 
(6) If m > 1 or n > 1 then each vertex from the set T’( 1) is non- 
adjacent to any vertex from the set Y’( 1) (H4 c G). 
(7) If m= 1 and n = 1 then each vertex from the set T’( 1) can be 
adjacent to at most one vertex from the set T”( 1) and vice versa (H, c G). 
Also, each vertex from T’(1) can be non-adjacent to at most one vertex 
from T”( 1) and vice versa (H5 c G). 
Using (5) we also have 
(8) If T”(2)#4 and T(N;)#4 then m62 (H4cG v B(4,4)cG). 
(9) If T”(2) ## and T(N;) = 4 then m < 3 (HII c G). In this case if 
m = 3 then T”(1) = 4 (H, c G). 
(10) If T”(1)#4 then m#3 or T’(2)=4 (H4cG). 
Now using the mentioned properties we find the next relations: 
(a) Let T’(k) = 4 for every k> 1 and T”(2) = 4. If m > 1 or n > 1 
thenGcG,.Ifm=landn=l thenGcG,. 
(b) If T”(2) # q!~ then G c G4 or G c G7. 
T’(m) Ni T”(2) N;’ I 
23 7 “‘( 7) 
(a) (b) (c) 
FIGURE 4 
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(c) Let T”(2) =4 and T’(k)#4 for some k> 1. If T”(l)=4 then 
GcG2 or GcGq. If T”(l)#b then GcG2 or GcG3. 
Case C. The sets T(N;), T(N;‘) = T”(l), and T have the following 
properties : 
(1) If m=2 then IT’(l)1 62 and IT”(1)1<2 (H3cG v H5cG v 
H7 c G). 
(2) If ma3 then T’(k)=4 (1 <k<m) (B(3,3)cG). 
By (2) we conclude that 
T(N;) = T’( 1) u T’(m). 
(3) If m > 3 then I ,“( 1)l 6 1 ( H8 c G). In addition, each vertex from 
N; can be adjacent to at most one vertex from the set T’( 1) ( H5 c G). 
(4) If m > 1 then the sets T’(m) and T”(1) are not consistent 
(H6cG v B(3,3)cG). 
(5) If m=2 and IT”(l)1 =2 then T’(l)=4 (H,cG v B(3, 3)cG). 
(6) If m > 1 and I T”( 1 )I = 1 then each vertex from T’( 1) is non- 
adjacent to a vertex from ,“( 1) (B( 3, 3) c G). 
(7) If m = 1 then every vertex from T’( 1) can be non-adjacent to at 
most one vertex from T”( 1) and vice versa (H, c G). Also, there is at most 
one pair of such non-adjacent vertices (B(3,3) c G). If there is a such pair, 
then IT’(l)\ = 1 or /T”(l)1 = 1 (B(3, 3) c G) and each vertex from the set 
F is non-adjacent to all vertices from this pair (H, c G). 
(8) Every vertex from p’ can be adjacent to at most one vertex from 
the set T’(m) and vice versa ( H3 c G v H4 c G). Similarly, every vertex 
from T” can be adjacent to at most one vertex from T”(1) and vice versa. 
Also, each vertex from F’ is non-adjacent to any vertex from F” ( H2 c G). 
(9) If m > 1 then every vertex of F is non-adjacent to all vertices 
from T’(1) and T”(1) (H, c G). 
In view of properties (l)-(3) we have that the graph which is induced by 
the set N; u T( N’,) is an induced subgraph of any of graphs (a), (b) from 
Fig. 5. 
With respect to all other properties we have: 
(a) If m > 1 and T’(m) # q5 then G c G1. 
(b) Let rn>i and T’(m)=& If IT”(l)1 =2 then GcGg. If 
IT”(2)l < 1 then GcG1. 
(c) Ifm=l then GcG1. 
Hence, we have proved that a connected bipartite graph G which con- 
tains the graph B as an induced subgraph and does not contain as an 
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FIGURE 5 
(b) 
induced subgraph any of the graphs Hz-H,, in Fig. 2 must be an induced 
subgraph of any of the graphs G1-G7 in Fig. 1. 
Now assume that a connected bipartite graph G does not contain the 
graph B = B(m + p, N + p) as an induced subgraph (m + p 3 2, n + p 2 2, 
p 2 1, and p > 1 implies that m +p > 2 or n +p > 2). Then G cannot 
contain the graph P4 as an induced subgraph and, hence, G must be a 
complete bipartite graph. In this case the graph G does not contain any of 
graphs Hz-HI2 in Fig. 2 as an induced subgraph and we have that G c G1. 
This completes the proof. 1 
THEOREM 3. A connected bipartite graph G has the property A,(G) < 1 if 
and only if G is an induced subgraph of any of the graphs G1-G7 in Fig. 1. 
ProoJ: Assume that G is a connected bipartite graph with the property 
A,(G) < 1. Then by the known Interlacing theorem we conclude that G 
does not contain any of graphs Hz-HI2 in Fig. 2 as an induced subgraph. 
In view of Theorem 2, G must be an induced subgraph of any of graphs 
G1-G7 in Fig. 1. 
Conversely, if a connected bipartite graph G is an induced subgraph of 
any of graphs G1-G7 in Fig. 1, then by Theorem 1 and by hereditariness of 
the mentioned property, we have A2 < 1. 1 
THEOREM 4. There are exactly 12 minimal bipartite graphs with the 
property A,(G) > 1. These are the graphs HI-HI2 in Fig. 2. 
Proof: By a straightforward verification one can easily prove that 
graphs HI-H,, in Fig. 2 are minimal with respect to the property 
A,(G) > 1. We shall prove that they are only bipartite graphs which are 
minimal with respect to this property. 
Let G be an arbitrary disconnected bipartite graph which is minimal 
with respect to the property A,(G) > 1. Then G has no isolated vertices and 
it has exactly two connected components F, and Fz, where iz,(FF,) > 1 and 
1,(1;;) > 1. Hence, we have that graphs I;, and F2 contain the graph P3 as 
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an induced subgraph and H, c G. So we get that H, is the only minimal 
disconnected bipartite graph with the property L,(G) > 1. 
Now assume that G is an arbitrary connected bipartite graph which is 
minimal with respect to the property A,(G) > 1 and which is distinct of 
graphs Hz-H,, . In this case graph G does not contain any of graphs 
Hz-HI2 as an induced subgraph. By Theorem 2 we get that G is an induced 
subgraph of any of the graphs G1-G7 in Fig. 1. But Theorem 1 and the 
Interlacing theorem also give &(G) 6 1, which is a contradiction. Thus, 
Hz-HI2 are the only minimal connected bipartite graphs with the property 
MG)> 1. I 
3. GRAPHS WITH EXACTLY ONE EIGENVALUE LESS THAN - 1 
If V(G) is the set of vertices of a graph G, define a binary relation p in 
V(G) in the following way: xpy if and only if the vertices x and y are 
adjacent and they have the same neighbours in the set V(G)\ (x, v}. The 
relation p is symmetric and transitive. By this relation the vertex set V(G) 
is devided to k disjoint subsets C,, Cz, . . . . Ck (1 6 k 6 n, n = 1 V(G)/ ), such 
that every graph induced by the set Ci (i = 1, . . . . k) is a complete graph. The 
graph G, obtained from G by identification of all vertices from the same 
subset Ci (i = 1, . . . . k) is called the “C-canonical graph” of the graph G. If 
V(G) does not have any pair of vertices which lie in relation p, then G, = G 
and we say that G is a C-canonical graph. For instance, all connected 
bipartite graphs distinct of P2 are C-canonical graphs. 
Next, let p 1 i(G) and p f ,(G) denote the number of eigenvalues of the 
graph G which are smaller than or greater than - 1. 
THEOREM 5. If G, is a C-canonical graph of a graph G then 
PL(G)=PZ~G,), P+,(G) =p+,(G,). (1) 
Proof. Assume that xpy (x, y E V(G)). Then we have 
Pd4 = (2 + WPG-x(4 - (2 + 1) PG-x--y(4). (2) 
Using the Interlacing theorem and relation (2) we conclude that by 
extracting the vertex x from G the multiplicity of the eigenvalue - 1 is 
reduced exactly by 1, while the number of eigenvalues which are smaller 
than or greater than - 1 remains the same. 
Hence we proved the relations (1). 1 
Graphs H,,-H,, represented in Fig. 6 are also C-canonical 
they are all have exactly two eigenvalues less than - 1. 
graphs and 
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THEOREM 6. A C-canonical graph G, which has a triangle as an induced 
subgraph, also contains at least one of graphs H13-H,, in Fig. 6 as an 
induced subgraph. 
ProoJ Assume that a C-canonical graph G has a triangle xyz as an 
induced subgraph. Then there is a vertex u adjacent to exactly one vertex 
x or y (say to X) and G contains any of the graphs in Fig. 7 as an induced 
subgraph. 
Since y and z in case (a) and x and z in case (b) are not in the relation 
p, there is a vertex v adjacent with exactly one of these vertices (say with 
the vertex z) (Fig. 8). Hence, the graph G contains one of the graphs H14, 
H15, H16, HI7 as an induced subgraph in case (a) from Fig. 8 and one of 
the graphs H13, H14, HI, in case (b) from Fig. 8. 1 
THEOREM 7. A connected graph G # K,, has exactly one eigenvalue less 
than - 1 if and only if its C-canonical graph G, is an induced subgraph of 
any of the graphs G1-G7 in Fig. 1. 
Proof: Assume that G is a connected graph with exactly one eigenvalue 
less than - 1. By Theorem 5 we have that graph G, also has exactly one 
eigenvalue less than - 1. By the Interlacing theorem we find that graph G, 
has none of the graphs Hz-HI8 in Fig. 2 and Fig. 6 as an induced subgraph. 
Using Theorem 6 we conclude that graph G, does not have any odd circuit 
as an induced subgraph; i.e., G,. must be bipartite graph. It follows that 
&(G,) < 1 and by Theorem 3 we conclude that G, is an induced subgraph 
of any of the graphs G1-G7 in Fig. 1. 
Conversely, assume that G, is an induced subgraph of any of the graphs 
G1-G, in Fig. 1. Then by the Interlacing theorem, Theorem 1, and 
O-symmetry of the spectrum of the graph G, we conclude that this graph 
has exactly one eigenvalue less than - 1. By Theorem 5 we get that graph 
G has also the same property. 1 
FIGURE 7 
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THEOREM 8. There are exactly 18 minimal graphs with exactly two 
eigenvalues less than - 1. These are the graphs HI-H,, displayed in Figs. 2 
and 6. 
Proof It is easy to check that graphs HI-H,, are minimal with respect 
to the mentioned property. We prove that they are only minimal graphs 
with exactly two eigenvalues less than - 1. 
Since the spectrum of a bipartite graph is O-symmetric, Theorem 4 gives 
the proof for these graphs. 
Hence, assume that G is an arbitrary minimal graph with the property 
p 1 i(G) = 2, which has circuits of odd length. In this case G is a 
C-canonical graph and it does not have circuits of odd length which are 
greater than 5. Indeed, in the opposite case H2 would be the proper 
induced subgraph of G, which contradicts the assumption of minimality. 
If G has a circuit of length 5, then HI8 c G and G = H,, . 
If G has a circuit of length 3, then by Theorem 6, G has one of the 
graphs HI,-H 17 as an induced subgraph. We conclude that G is one of 
these graphs. 
Hence, we have proved that graphs H13-HI8 are the only minimal 
non-bipartite graphs with the property p 1 ,(G) = 2, which completes the 
proof. [ 
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